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Abstract

A methodology for determining deposition with thermophoretic transport is introduced. An application is made to

stagnation flow. The classical similarity solution for stagnation flow requires the boundary condition of a uniform

particle concentration at an infinite location away from the wall. The present methodology removes these restrictions;

i.e., it is valid for a spatially variable particle concentration boundary condition at a finite distance from the wall. The

deposition characteristics are presented in terms of a factor F. The dependence of F on the flow parameters is studied

and discussed. � 2002 Published by Elsevier Science Ltd.

1. Introduction

There are many systems that require the attainment

of high particle deposition efficiency and the precise

control of the deposition to minimize costs and maxi-

mize the quality of the finished product. High efficiency

and control of deposition determine the success of

chemical vapor deposition systems. Understanding

stagnation deposition is important because several de-

position processes consist of flows that are impinging on

solid surfaces [1].

Gokoglu and Rosner [2,3], Stratmann et al. [4],

Garg and Jayaraj [5,6], and Kusnadi and Greif [7]

carried out studies of stagnation flow with ther-

mophoretic transport. The thermophoretic force [8]

causes submicron sized particles to move from hot to

cold regions. Gokoglu and Rosner [2,3] carried out

comprehensive studies of the mass transfer in bound-

ary layer flows and included variable properties and

covered a broad range of conditions. Stratmann et al.

[4] considered a hot wall so that the thermophoretic

force repels the particles and a particle free zone can

form near the hot surface. Garg and Jayaraj [5,6]

studied particle deposition on a cylinder. Kusnadi and

Greif [7] included the effects of electrophoretic and

thermophoretic forces on stagnation deposition. In all

of the above works, the inlet boundary condition is

for a uniform particle distribution.

In the present work, the inlet particle distribution is

non-uniform. Specific results are obtained for a con-

stant particle distribution, CI, over a central region

and a zero concentration outside this region, but the

methodology developed in this work is valid for a

general non-uniform particle distribution. A non-uni-

form condition more closely resembles the actual

process which contains particle generation in the

central portion of a burner. Indeed, Graham and

Alam [9] utilized the FLUENT code to determine the

thermophoretic transport for a non-uniform inlet

condition in their study of the outside vapor deposi-

tion process.

2. Configuration and conditions

The study is that of stagnation flow with particle

deposition due to thermophoresis. A schematic diagram

of the system is illustrated in Fig. 1. The x-direction is

parallel to the deposition surface and the y-direction is

perpendicular to the surface. The origin of the coordi-

nate system, x ¼ 0, y ¼ 0, is at the stagnation point. The

flow at a temperature of T1 is moving towards the wall

which is at a constant temperature of Tw. At a location
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y ¼ yI, the incoming flow has a specified non-uniform

particle distribution according to the following con-

ditions:

xj j 6 xIj j; Cðx; yIÞ ¼ CI; xj j > xIj j; Cðx; yIÞ ¼ 0: ð1Þ

The concentration of the particles is assumed to be small

and the flow field is not disturbed by the presence of the

particles. The size of the particles is assumed to be small

and the particles follow the gas flow in the isothermal

region. The flow properties are assumed to be constant.

The particle Schmidt number, Sc ¼ t=}p, is assumed to

be large (the particle diffusivity }p is small) and particle

diffusion due to the particle concentration difference is

neglected. Thermophoresis is the only effect considered

that causes the particle trajectory to deviate from the gas

streamline.

3. Analysis

The analysis begins with the presentation of the

velocity and the temperature similarity solutions, which

is followed by the particle distribution and deposition

analysis.

3.1. Gas velocities and temperature

The governing equations and boundary conditions

for two-dimensional stagnation boundary layer flow are

given by Goldstein [10], White [11], Stratmann et al. [4],

Schlichting [12], and are not repeated here. The velocity

distribution for stagnation flow in the frictionless po-

tential flow region is given by:

U ¼ ax; V ¼ �ay: ð2Þ

In the viscous flow region, the velocity distribution is

assumed to have the following form:

u ¼ xg0ðyÞ; v ¼ �gðyÞ; ð3Þ

and the stream function is given by:

w ¼ xgðyÞ: ð4Þ

Introducing the dimensionless variables,

g ¼
ffiffiffi
a
t

r
y; and gðyÞ ¼

ffiffiffiffiffi
at

p
f ðgÞ; ð5Þ

Nomenclature

b non-dimensional wall temperature;

b ¼ TW
T1�TW

C mass concentration

F factor

J deposition flux

K thermophoretic coefficient

Kn Knudsen number;

Kn 	 k=dp
Pr Prandtl number; Pr 	 t=a
Sc Schmidt number; Sc 	 t=}
T temperature

u velocity in x direction

U inlet velocity in x direction

v velocity in y direction

V inlet velocity in y direction

x direction parallel to the wall

y direction perpendicular to

the wall

Greek Letter

d boundary layer thickness

U deposition efficiency

g non-dimensional distance

m kinematic viscosity

h non-dimensional temperature; h ¼ T�TW
T1�TW

w stream function

} mass diffusivity

Subscript

FZ particle free zone

i inlet

I inlet location

p particle

th thermophoretic

TH thermal boundary layer

velocity velocity boundary layer

w wall

d boundary layer thickness

1 infinite

Fig. 1. Schematic diagram of stagnation flow gas streamlines.
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the velocity distribution is rewritten in the following

form:

u ¼ axf 0ðgÞ; v ¼ �
ffiffiffiffiffi
at

p
f ðgÞ: ð6Þ

Utilizing Eqs. (5) and (6), the momentum equation and

the boundary conditions are transformed into the fol-

lowing dimensionless equations [12]:

f 000 þ ff 00 � f 02 þ 1 ¼ 0; ð7Þ
f ¼ 0; f 0 ¼ 0 at g ¼ 0; f 0 ¼ 1; g ! 1; ð8Þ

and tabulated solutions can be found in Schlichting [12].

Introducing

h ¼ T � TW
T1 � TW

; ð9Þ

the energy equation and the boundary conditions be-

come:

h00 þ Prf h0 ¼ 0; ð10aÞ

and

h ¼ 0; at g ¼ 0; h ¼ 1; g ! 1: ð10bÞ

The energy equation has the closed form solution [10]:

hðgÞ ¼
R g
0
exp � Pr

R 1
0
f ðnÞdn

� �
d1R1

0
exp � Pr

R 1
0
f ðnÞdn

� �
d1

: ð11Þ

3.2. Particle deposition

In previous particle deposition studies, the inlet

particle distribution is required to be uniform. In the

current study, the distribution is non-uniform with

particles at the inlet only present in a region �xI around
the centerline as indicated in Fig. 1. A streamline/par-

ticle pathline approach is used to determine the particle

trajectories and the relationship between the particle

inlet and deposition locations.

The flow field is assumed to be unaltered by the

particles. The region outside the thermal boundary layer

is isothermal and in this outer region, particles do not

experience the thermophoretic force which causes the

particles to deviate from the gas streamline. The particle

trajectory analysis is divided into two regions; one out-

side the thermal boundary layer (no thermophoretic

force) and one inside the thermal boundary layer (with

the thermophoretic force).

The particle paths in the isothermal region outside

the thermal boundary layer are identical to the gas phase

streamlines. Using the streamline definition,
dy
dxjstreamline ¼ v

u yields:

dy
dx

����
streamline

¼ �gðyÞ
xg0ðyÞ ; or

dg
dx

����
streamline

¼ �f ðgÞ
xf 0ðgÞ : ð12Þ

The velocity boundary layer thickness is obtained from

f 0ðgd;velocityÞ ¼ 0:99, which yields gd;velocity ¼ 2:4.
Within the thermal boundary layer, the thermo-

phoretic force is present. The similarity result gives that

the temperature and the thermophoretic force only vary

in the y or g direction (Eq. (11)). The thermophoretic

velocity is written as [13]

vth ¼ �Kt
T

dT
dy

¼ �
ffiffiffiffiffi
at

p
Kh0

h þ b
; b ¼ Tw

T1 � Tw
: ð13Þ

The particle velocity is the sum of the gas and the

thermophoretic velocities; vP ¼ vþ vth. Combining the

gas velocity, Eq. (6), and the thermophoretic velocity,

Eq. (13), the relation for the particle path inside the

thermal boundary layer becomes:

dy
dx

¼
�

ffiffiffiffiffi
at

p
f ðgÞ þ Kh0ðgÞ

hðgÞþb

� �
axf 0ðgÞ or

dg
dx

¼
� f ðgÞ þ Kh0ðgÞ

hðgÞþb

� �
xf 0ðgÞ ;

ð14Þ

which can be solved by separating the variables. The

result relating the particle deposition location on the

wall (xw, 0) to the particle location at the thermal

boundary layer ðxdTH ; gdTHÞ, is:

xw
xdTH

¼ exp

Z gdTH

0

f 0

f þ Kh0

hþb

dg

 !
: ð15Þ

The thermophoretic force causes the particles to deviate

from the gas streamlines inside the thermal boundary

layer.

The relationship between the particle deposition lo-

cation on the solid wall xw and the particle location

ðxi; yiÞ outside the thermal boundary layer can be ob-

tained by matching the particle paths inside and outside

the thermal boundary layer at the thermal boundary

layer. Outside the thermal boundary layer, the particles

follow the gas streamlines. Therefore, the particle tra-

jectory between a location outside the thermal boundary

layer ðxi; yiÞ and its location at the thermal boundary

layer (xdTH ; ydTH ) can be determined from

wðxi; yiÞ ¼ xigðyiÞ ¼ wðxdTH ; ydTHÞ ¼ xdTHgðydTHÞ

) xdTH ¼ xi
gðyiÞ
gðydTHÞ

¼ xi
f ðgiÞ
f ðgdTHÞ

:
ð16Þ

Combining Eqs. (15) and (16), the relationship be-

tween the particle deposition location on the wall and

the particle location outside the thermal boundary

layer is

F 	 xw
xi

¼ gðyiÞ
gðydTHÞ

exp

Z gdTH

0

f 0

f þ Kh0

hþb

dg

 !

¼ f ðgiÞ
f ðgdTHÞ

exp

Z gdTH

0

f 0

f þ Kh0

hþb

dg

 !
: ð17Þ
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For a constant particle concentration within jxj 6 jxIj at
the inlet elevation yI, and no particles present for

jxj > jxIj at yI, all of the particle deposition on the wall

takes place within �F jxIj of the stagnation point (cf. Eq.

(17), with F > 1), as shown in Fig. 2. Note that if the

thermophoretic coefficient, K, equals zero, integrating

the right-hand side of Eq. (17) yields lnðf ðgdÞÞ�
lnðf ð0ÞÞ and F approaches infinity. This corresponds to

no deposition of particles; note that for K equals zero,

the particles follow the gas streamlines and there is no

deposition. At the other extreme, K approaching infin-

ity, the thermophoretic velocity approaches infinity. For

this condition, the exponential term in Eq. (17) equals

unity (the integrand and therefore the integral equal

zero). Eq. (17) then becomes F ¼ xw=xi ¼ gðyiÞ=
gðydTHÞ ¼ f ðgiÞ=f ðgdTH Þ. Utilizing Eq. (16), this yields

xw ¼ xd, which corresponds to a ‘‘sudden’’ deposition

once the particles reach the thermal boundary layer.

The particle inlet flux is given by JIðxiÞ ¼
CIðxiÞVP;I ¼ CIðxiÞVI (where Vth;I ¼ 0 and VP;I ¼ Vgas;I ¼
VI). Note that the inlet flux (at yi ¼ yI; jxij6 jxIj),
JI ¼ CIVI, is constant for constant CI because VI ¼
�ayI. The deposition flux on the wall can be deter-

mined by considering two particle paths starting at

inlet locations ðxi; yIÞ and at ðxi þ ei; yIÞ. The corre-

sponding deposition locations on the wall, y ¼ 0, are

ðF ðxiÞ; 0Þ and ðF ðxi þ eiÞ; 0Þ, respectively. The length

between the two streamlines at the inlet elevation yI is
ei and on the wall the length is F ei, which is F times

larger than the length at the inlet elevation. The total

particle flow rate between these two streamlines is

constant at every elevation y. The local deposition flux

on the wall at xw ¼ Fxi; JwðxwÞ, is obtained from

JIðxiÞei ¼ Jw xwð Þew ¼ JwðFxiÞF ei ) JwðFxiÞ

¼ JIðxiÞ
F

: ð18Þ

For the boundary condition with a constant injection

particle concentration within �jxIj at the inlet elevation

yI and a deposition region within �jxwjðjxwj ¼ F jxIjÞ, Eq.
(18) becomes

Jw ¼ JI
F
: ð19Þ

The total deposition (from �xw to xw) for a uniform inlet

particle concentration from �xI to xI is
R xI
�xI

JI dx ¼
JI2xI ¼

R xw
�xw

Jw dx ¼ Jw2xw. The local deposition flux is

uniform from �xw to xw.
The deposition efficiency i.e., the fraction of the total

particles injected that is deposited within a region from

xA to xB is given as

U ¼
R xB
xA

CwðxÞVP;wðxÞdx
VPðyIÞ

R xI
�xI

CIðxÞdx
¼
R xB
xA

JwðxÞdxR xI
�xI

JIðxÞdx
¼
R xB
xA

JIðxiÞdxiR xI
�xI

JIðxÞdx

¼

R xB=F
xA=F

JIðxjÞdxjR xI
�xI

JIðxÞdx
; ð20Þ

where VP;w ¼ Vth;w because the gas velocity at the wall is

zero.

Over a deposition region of �jxj (where jxj < F jxIj)
and with a boundary condition of a constant inlet par-

ticle concentration within �jxIj at the inlet elevation yI,
Eq. (20) becomes

U ¼ ðJI=F Þ2x
JI2xI

¼ x
xIF

: ð21Þ

To increase the deposition over a length �jxj requires
that the particles collected within this region be in-

creased. One way to achieve this goal is to minimize the

valve of F; see Eqs. (20) and (21). The factor F depends

on the flow field conditions; e.g., the temperatures of the

wall and the inlet gas, the Prandtl number of the gas,

and the thermophoretic constant K, which is a function

of particle size. The effects of these parameters on de-

position are considered below. Another consideration is

the particle concentration distribution at the inlet ele-

vation. High concentrations with small values of jxIj at
the inlet elevation, yI, will yield a large particle depo-

sition near the stagnation point.

It is pointed out that Eqs. (18) and (20) are also valid

for more general particle concentration inlet conditions

including, for example, a spatially variable particle

concentration within �jxIj at the inlet elevation yI and
zero concentration outside this region. Also note that

the particle concentration distribution and the region of

deposition efficiency (Eq. (20)) need not be symmetric at

the inlet.

3.3. Particle free zone

For a cold wall, the thermophoretic force from a hot

gas towards the cold wall results in deposition. Strat-

Fig. 2. Schematic diagram of stagnation deposition – particle

pathlines.
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mann et al. [4] studied a hot wall so that the ther-

mophoretic force is away from the wall and a particle

free zone results with no deposition. The particle free

zone thickness can be determined by determining the

elevation at which the component of velocity perpen-

dicular to the wall equals zero or by locating the eleva-

tion where the particle streamline has a zero slope; i.e.,

dg=dx ¼ 0. Equating Eq. (14) to zero, the particle free

zone thickness can be determined from the following

relation:

f þ Kh0

h þ b
¼ 0: ð22Þ

Near the wall, Stratmann et al. [4] use:

f ¼ 0:5bg2; ð23aÞ

b ¼ d2f
dg2

����
g¼0

¼ 1:2326 ðplane stagnation flowÞ ð23bÞ

h ¼ 0 and h0 ¼ 0:5692Pr0:377; as g ! 0: ð23c; dÞ

Substituting Eqs. (23a)–(d) into Eq. (22) yields the same

results as Stratmann et al. [4] for the particle free zone

thickness, namely,

gFZ ¼ 0:961K0:5 TW � T1
TW

� 
0:5

Pr0:189; ð24Þ

or

dFZ ¼ 0:961K0:5 t
a

� �0:5 TW � T1
TW

� 
0:5

Pr0:189: ð25Þ

4. Discussion

An important characteristic of stagnation deposition

is the factor, F. The deposition length, xw ¼ Fxi, is

obtained once F is obtained. A small value of

F ¼ xw=xi means the particles travel a smaller distance

parallel to the wall before depositing. Thus the depo-

sition length is smaller and the deposition flux is larger

for a small value of F. In this section, the dependence

of F on the system parameters is investigated. Impor-

tant parameters include: b, defined in terms of the inlet

flow temperature and wall temperature, gI, the particle

inlet elevation, K, the thermophoretic coefficient, and

Pr, the Prandtl number. The inlet particle concentra-

tion is specified at the plane, g ¼ gI, according to Eq.

(1).

The numerical solution of Eq. (17) is obtained by

using MathCAD� Version 8. To resolve the boundary

layer, a total of 60 uniformly spaced points are used over

the range from g ¼ 0 to 6. Calculations were also made

for a total of 120 uniformly spaced points from g ¼ 0 to

6 for the conditions of b ¼ 0:1 and 1.0, with gI ¼ 10:0,
K ¼ 0:55, and Pr ¼ 0:7. The comparison of the values of

F using these two sets of grid numbers yields differences

of 0.7% ðb ¼ 1:0Þ and 2.9% ðb ¼ 0:1Þ. A total of 60 grid

points over the range from g ¼ 0 to 6 is sufficient for the

present analysis. The thermal boundary layer thickness

is defined as the elevation when the local non-dimen-

sional temperature reaches 0.99, h ¼ 0:99. The thermal

boundary thickness is a function of Pr. For Pr ¼ 0:7, the
thermal boundary layer thickness is gTH ¼ 3:5 (also refer

to Stratmann et al. [4]).

The base line conditions are:

b ¼ 0:5; gI ¼ 10:0; K ¼ 0:55; and Pr ¼ 0:7: ð26Þ

4.1. Dependence on thermophoretic coefficient, K

The factor F ¼ xw=xi is calculated over a range of

values of the thermophoretic coefficient, K, from 0.1 to

10 with the other parameters at the baseline values of

Eq. (26). The value of F decreases for increasing K as

shown in Fig. 3. A larger value of K results in a larger

thermophoretic force and thus a shorter distance parallel

to the wall is traveled before deposition; i.e., F ¼ xw=xi
decreases. The deposition flux increases with increasing

K. K is large (F is small) when Kn is large [13]. Kn is large

when the particles are small or if the pressure is low; i.e.,

the mean free path is large; thus, the factor F is small

and the deposition flux is large when the particles are

small.

4.2. Dependence on b ¼ Tw=ðT1 � TwÞ

The factor F ¼ xw=xi is calculated over a range

of values of the non-dimensional wall temperature b

Fig. 3. The variation of the factor F with respect to the ther-

mophoretic coefficient K.
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from 0.1 to 100.0 with the other parameters at the

baseline values. Outside the range of the fine grid re-

gion (g > 6), the potential flow streamline results are

used. F increases with increasing b as shown in Fig. 4.

Deposition systems often have a small value of b. Over

the range of b from 0.1 to 2.0, F increases almost

linearly with b. Since the thermophoretic force is

proportional to the temperature gradient, the larger

the temperature difference between the inlet and

the wall, T1 � Tw, the larger the thermophoretic force.

Note that the deposition flux (Eq. (18)) and effi-

ciency (Eq. (20)) are directly proportional to the

temperature difference between the inlet and wall

temperatures and inversely proportional to F. This

result is in agreement with Kusnadi and Greif’s [7]

finding using the similarity solution approach for

stagnation deposition for a uniform inlet particle

concentration boundary condition at an infinite dis-

tance from the wall.

4.3. Dependence on particle inlet location gI

The quantity F ¼ xw=xi is calculated over a range of

values of particle inlet elevations gI from 4 to 50 with the

other parameters at the baseline values. The values of gI

used are larger than the velocity boundary layer thick-

ness gd;velocity ¼ 2:4. The results show that F increases

almost linearly with gI (cf. Fig. 5). In Eq. (17), the value

of F is proportional to f ðgi ¼ gIÞ; the integral and

f ðgdTHÞ are constants once the flow field parameters are

fixed. The function f ðgIÞ is nearly linear with gI, note

that f 0ðgÞ ! 1 when g � gd;velocity so that F increases

almost linearly with gI. Note that the deposition flux

(Eq. (18)) and efficiency (Eq. (20)) are inversely pro-

portional to F and therefore are also inversely propor-

tional to the distance between the inlet elevation and the

wall, gI.

5. Dependence on Prandtl number, Pr

The factor F ¼ xw=xi is calculated over a range of

values of the Prandtl number, Pr, from 0.2 to 10.0 with

the other parameters at the baseline values. A minimum

value of F is shown in Fig. 6 at Pr ffi 5.

For small values of Pr (large thermal boundary

layer), F decreases (and the deposition flux increases) as

Pr increases (and the thermal boundary layer decreases).

The smaller the thermal boundary layer the larger the

temperature gradient and thermophoretic force. Conse-

quently, the particle paths will bend toward the wall and

shorten the x component of particle travel before de-

position. The factor F decreases (and the deposition flux

increases) since the same number of particles then de-

posit over a shorter length under these conditions.

As Pr ! 1, the thermal boundary layer becomes

infinitesimal and particles deposit on the solid wall upon

Fig. 4. The variation of the factor F with respect to the non-

dimensional wall temperature b of 0.1–100.0.
Fig. 5. The variation of the factor F with respect to the inlet

elevation gI.

Fig. 6. The variation of the factor F with respect to the Prandtl

number Pr. For the conditions of gI ¼ 10, b ¼ 0:5, and

K ¼ 0:55, a minimum value of F occurs at Pr ¼ 5.
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reaching the infinitesimally thick thermal boundary

layer. For this condition, the distance the particles travel

from the inlet to the thermal boundary layer becomes

the controlling factor. The relationship between the x

location where the particle enters the thermal boundary,

xdTH , and the inlet x location, xI, is given by Eq. (16):

xdTH ¼ xI
f ðgIÞ
f ðgdTH Þ

: ð27Þ

For a given inlet location ðxI; gIÞ, the location at which

the particle enters the thermal boundary, xdTH , is solely a

function of f ðgdTHÞ. As Pr ! 1, the thermal boundary

layer thickness gdTH approaches 0 and f ðgdTHÞ ap-

proaches 0 and the particles will follow the gas stream-

lines outside the thermal boundary layer. For an

infinitesimal thermal boundary layer, there will be no

deposition on the wall. Thus, F approaches infinity

(deposition flux approaches zero) as Pr approaches in-

finity.

With F decreasing as Pr increases for small Pr, and F

increasing as Pr increases for large Pr, a minimum value

of F exists for moderate Pr; cf. Fig. 6. The Prandtl

number corresponding to the minimum value of F must

be determined from Eq. (17) for the specified conditions.

6. Conclusions

A methodology and solution for stagnation depo-

sition with thermophoretic transport is presented for a

generalized inlet particle boundary condition. The clas-

sical similarity solution requires a uniform inlet particle

boundary condition at infinity; that is, the similarity

solution is not valid (1) for either a non-uniform particle

concentration at infinity, or (2) for an uniform particle

concentration at a finite location yI ¼ C, where yI is fi-

nite. In the present particle path approach, the uniform

particle boundary condition at infinity is removed. For

this approach, the particle distribution can be spatially

variable and known at a finite distance yI from the wall.

The problem of a hot wall with a corresponding ther-

mophoretic force away from the wall was also included

using the particle path methodology developed in this

work.
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